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One salient feature of systems with Moire´ superlattice is that, Chern number of “minibands”
originating from each valley of the original graphene Brillouin zone becomes a well-defined quantized
number because the miniband from each valley can be isolated from the rest of the spectrum due
to the Moire´ potential. Then a Moire´ system with a well-defined valley Chern number can become
a nonchiral topological insulator with U(1)×Z3 symmetry and a Z classification at the free fermion
level. Here we demonstrate that the strongly interacting nature of the Moire´ system reduces the
classification of the valley Chern insulator from Z to Z3, and it is topologically equivalent to a bosonic
symmetry protected topological state made of local boson operators. We also demonstrate that,
even if the system becomes a superconductor when doped away from the valley Chern insulator,
the valley Chern insulator still leaves a topological imprint as the localized Majorana fermion zero
mode in certain geometric configuration.
PACS numbers:
— Introduction
Systems with Moire´ superlattice not only have demon-
strated amazing correlated physics such as correlated
insulator at fractional filling and also superconductiv-
ity [1–9], due to the narrow width of the Moire´ mini-
bands [8–13], recent theoretical and experimental stud-
ies have shown that under certain conditions some of
the Moire´ systems can have novel topological features.
The reason is that, within the mini Brillouin zone, the
miniband that originates from each valley of the orig-
inal graphene Brillouin zone can be isolated from the
rest of the spectrum, which makes the Chern number
of a miniband from each valley a well-defined quantized
Chern number. Indeed, many theoretical works have pre-
dicted that the Chern number of miniband from each
valley can take different integer values in various Moire´
systems, depending on the displacement field and also
the twisted angle [14–17]. Recently quantized [18] (or
unquantized [6]) Hall conductivity has been observed at
doping with one or three electrons/holes per Moire´ unit
cell away from charge neutrality in some Moire´ systems,
whose most natural explanation is that under the experi-
mental conditions the Moire´ system forms a fully spin and
valley polarized state [18, 19], hence a miniband with a
net Chern number is completely filled. Although super-
conductivity has not been observed near the insulating
states with nonzero Hall conductivity, these topological
physics is certainly interesting in its own right.
Here we study the non-chiral valley Chern insulator
(VCI), namely the valley space is not polarized, while in-
stead we assume the spin space is fully polarized. These
assumptions may be relevant to the twisted double bi-
layer graphene (TDBG) at half-filling (two extra elec-
trons per Moire´ unit cell) away from charge neutrality [7–
9], for the following reasons:
1. Calculations with various methods have demon-
strated that in TDBG the minibands from each val-
ley [14, 16, 17] could have nonzero quantized Chern num-
ber depending on the displacement field and also twisted
angle. Symmetry of the system guarantees that the de-
generate minibands from the two valleys must have op-
posite Chern numbers. [66]
2. The charge gap of the insulator at half-filling in-
creases with inplane magnetic field [7–9], whose main
effect is most likely a Zeeman coupling with spin. This
phenomenon suggests that the insulator at half-filling ob-
served in this system has ferromagnetic order.
3. superconductivity is observed near half-filling,
which suggests that the valley space is likely unpolar-
ized, because otherwise electron states with momentum
~k and −~k would be nondegenerate, which makes pairing
with total zero momentum difficult. Even within each
valley, the C3 symmetry of the Fermi surface still does
not guarantee degeneracy of states with momentum ~q and
−~q, where ~q is the momentum away from each valley of
the original graphene Brillouin zone.
These observations, plus simple counting suggest that
at half-filling, the insulator observed in TDBG could be
a spin-polarized “band insulator” where spin down elec-
trons fill both minibands whose total valley Chern num-
ber is zero for relatively weak displacement field [17],
while spin-up electrons only fill the valence miniband
with nonzero Chern number. Then the system becomes
a spin polarized nonchiral topological insulator, or a val-
ley Chern insulator (VCI). The symmetry of this VCI
is U(1) × Z3, where the U(1) corresponds to the charge
conservation, Z3 is the conservation of the “valley quan-
tum number” (valley momentum of the original graphene
Brillouin zone is conserved mod 3).
— Interacting Valley Chern Insulator
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2The Z3 symmetry acts on the electron operator as
Z3 : cα →
(
exp(i
2pi
3
τz)
)
αβ
cβ . (1)
At the free fermion level, the Hamiltonian of the 1d edge
state of the VCI with valley Chern number C = 1 is (C =
1 means the minibands rom the right and left valleys have
Chern number ±1 respectively)
H =
∫
dx ψ† (−iτz∂x)ψ, (2)
the Z3 symmetry guarantees that no fermion bilinear
mass term can be added to the boundary Hamiltonian.
Also, for arbitrary copies of the VCI, or for states with
arbitrary valley Chern number, fermion bilinear mass op-
erators are always forbidden by the Z3 symmetry. Hence
the classification of VCI in the noninteracting limit is Z.
The Moire´ systems are intrinsically strongly interact-
ing systems, thus we need to understand the effects of
interaction on the VCI. In the last decade, examples have
been found where interaction can indeed change the clas-
sification of topological insulators [20–28]. In the follow-
ing we will demonstrate that an interacting VCI actually
has a Z3 classification.
The VCI can be naturally embedded into a nonchi-
ral topological insulator (TI) with U(1)c×U(1)s symme-
try, which is analogous to the quantum spin Hall insu-
lator, and the valley space can be viewed as a pseudo-
spin space, with pseudospin τz = ±1 labelling the right
and left valley spaces. We will start with the TI with
U(1)c × U(1)s symmetry [67]. There are only two ele-
mentary fermions with charge (1, 1) and (1,−1) under
the U(1)c × U(1)s symmetry, and for the simplest case
they form Chern insulators with Chern number ±1 re-
spectively. Such a TI has a topological response:
Lr = 2i
2pi
Ac ∧ dAs, (3)
where Ac and As are background gauge fields that cou-
ple to the U(1)c and U(1)s symmetries, and an electron
carries charge-1 under Ac and charge ±1 under As.
In the following, we will consider the consequence of
breaking U(1)s to its discrete subgroups. When we break
U(1)c×U(1)s symmetry down to U(1)c×Zn, the fermions
transform under Zn as
Zn : ψ1 → e2pii/nψ1, ψ2 → e−2pii/nψ2. (4)
To describe the nonchiral TI, we can use the K−matrix
formalism [29]. The system can be described by the fol-
lowing Chern-Simons theory
L = i
4pi
∑
A,B=1,2
KABaA ∧ daB , K =
(
1 0
0 −1
)
, (5)
where aA with A = 1, 2 are two dynamical U(1) gauge
fields. The edge state of this TI is described by the Lut-
tinger liquid theory with two chiral boson fields φ1, φ2
and the same K−matrix above [30, 31]:
Ledge =
∑
A,B=1,2
KAB
4pi
∂xφA∂tφB − V
AB
4pi
∂xφA∂xφB , (6)
where V is a 2×2 positive-definite velocity matrix. In this
theory, the boson fields satisfy the equal time commuta-
tion relation [φA(x), ∂yφB(y)] = 2pii(K
−1)ABδ(x − y).
Under the U(1)c × Zn symmetry, the chiral boson fields
φ1,2 transform as
U(1)c : φ1,2 → φ1,2 + α, Zn : φ1,2 → φ1,2 ± 2pi
n
. (7)
Now we demonstrate that the nonchiral TI with
U(1)c×Zn symmetry at most has a Zn classification un-
der local interaction, for odd integer n. The fact that n
copies of such TI together are topologically trivial can be
seen from the edge theory of this system which consists
of n copies of Luttinger liquid theory Eq. 6. Let’s denote
chiral boson fields in this n-copy Luttinger liquid theory
as φi,A where i = 1 is the copy index and A = 1, 2 is the
label for the chiral bosons within each copy. The bound-
ary of n copies of the TI can be gapped out by the fol-
lowing symmetric boundary interaction without ground
state degeneracy:
L(1)edge = − cos
(
n∑
i=1
(φi,1 − φi,2)
)
−
n−1∑
i=1
cos(φi,1 + φi,2 − φi+1,1 − φi+1,2). (8)
These are local interacting terms between the electrons.
This edge theory L(1)edge can be analyzed systemati-
cally as following: There are in total n different terms
in L(1)edge, and we can represent each term in L(1)edge as
cos(ΛI ·Φ). ΛI are 2n component vectors (I = 1, · · ·n),
and Φ = (φ1,1, φ1,2, φ2,1 · · · ). ΛI are a set of minimal
linearly independent integer vectors, and they satisfy the
condition [32, 33]
ΛtIK
−1ΛJ = 0, (9)
for any I, J = 1, · · ·n. Here K is the 2n × 2n block-
diagonal K−matrix for n copies of the nonchiral TI with
U(1)c × Zn symmetry. Eq. 9 implies that the arguments
in all the cosine terms in L(1)edge commute with each other,
and hence all terms in L(1)edge can be minimized simulta-
neously [68], which leads to a fully gapped edge state.
Similar reduction of classification was also discussed in a
different context [34].
The formalism above will lead to the same conclusion
with other observations. For example, the response to
3the external gauge field Eq. 3 implies that for a C = 3
VCI, a 2pi flux of the electromagnetic field would nucleate
a trivial Z3 charge according to Eq. 3. The fact that
the VCI is generically trivial when C = 3 implies that
this interacting VCI can be adiabatically deformed into
a spatially direct product state under interaction without
closing the gap in the bulk, and the deformation process
preserves all the symmetries. This result is relevant to the
TDBG with certain displacement field [16, 17], and the
valence/hole miniband of the heterostructure of trilayer
graphene and hexagonal boron nitride [14, 15]. In these
cases calculations suggest that the valley Chern number
is C = 3 in the noninteracting limit.
— Connection to bosonic symmetry protected topolog-
ical states
For odd integer n, a general connection between the
nonchiral TI with U(1)×Zn symmetry and bosonic sym-
metry protected topological (bSPT) state [35, 36] can be
made. Since the interacting TI has a Zn classification,
one copy of the elementary TI is topologically equivalent
to n + 1 (an even integer) copies of the TI; while ac-
cording to Ref. [37–40], even number of such TIs can be
“glued” into a bSPT state with the same symmetry un-
der interaction, where all the local fermion excitations at
the boundary are gapped out by interaction, leaving only
symmetry protected gapless local bosonic excitations.
A variety of bSPT states and their edge states can be
described by the Chern-Simons theory with the following
K-matrix [41], whose boundary state is described by two
chiral bosons ϕ and θ with K−matrix:
KbSPT =
(
0 1
1 0
)
. (10)
The chiral bosons transform under the symmetries as
U(1)c : ϕ→ ϕ+ 2α, θ → θ
Zn : ϕ→ ϕ, θ → θ − 2pi/n.
Now, we consider an (1+1)d interface between the bSPT
and the nonchiral TI discussed previously which can be
described by the four boson fields φ1,2, ϕ and θ. The
symmetry allowed interaction that can gap out this in-
terface without degeneracy is
L(2)edge ∼ − cos(φ1 + φ2 − ϕ)− cos(φ1 − φ2 + 2θ). (11)
Again the arguments in the cosine terms commute with
each other, hence all terms in L(2)edge can be minimized
simultaneously, and the interface is gapped out without
degeneracy through the same reasoning as the last sec-
tion. The existence of such a gapped interface between
the bSPT and the fermionic TI guarantees the topologi-
cal equivalence of the two sides of this interface.
The physical interpretation of the bosonoic fields ϕ and
θ can be understood in terms of their quantum numbers.
FIG. 1: (a) The proposed experimental geometry for detect-
ing the Majorana zero mode (MZM). The entire system is the
TDBG in its spin polarized superconductor phase near half-
filling away from charge neutrality [7–9]. Displacement field
(out of plane) is adjusted such that the valley Chern numbers
of the filled minibands differ by 1 between the two domains.
The vertical domain wall preserves the valley quantum num-
ber, while the horizontal domain wall breaks the valley quan-
tum number conservation. We propose that a Majorana zero
mode (MZM) locate at the 0d junction between the two do-
main walls. (b) The geometry of our effective lattice model.
The 1d domain walls in (a) are modelled by the open bound-
ary of Eq. 12 defined on a cylinder with size 20 × 20. The
horizontal domain wall in (a) is modelled by an inter-valley
scattering Mσ211 on half of the boundary.
The local boson field eiϕ can be identified with the bound
state ψ1ψ2; the quantum number of the single boson op-
erator eiθ is equivalent to (n+1)/2 copies of the particle-
hole pair ψ†1ψ2 (Zn charge is defined mod n). We can see
that when and only when n is an odd integer, eiθ can be
viewed as a local boson field. Hence for odd integer n, a
nonchiral TI with U(1)×Zn symmetry is equivalent to a
bSPT constructed with local bosons.
— Topological imprint of VCI: Majorana zero mode in
nearby superconductor
A deconfined Majorana zero mode (MZM) is a non-
abelian anyon excitation [42–45]. MZM can be engi-
neered in various designs [46–50], including the vortex
core of the proximity superconductor at the boundary of
a 3d topological insulator [51, 52]. Later it was realized
that the proximity superconductivity at the boundary of
a 3d TI can be directly enforced if the bulk of the system
forms a superconductor when doped with finite charge
carrier density. Even if strictly speaking the bulk super-
conductor is topologically trivial, the MZM at the bound-
ary vortex core can still survive [53]. Recently the topo-
logical nature of the band structure of the iron-pnictides
and iron-chalcogenides materials was discussed [54–57],
and MZM in the boundary vortex core was observed in
iron-based superconductors [58, 59].
Here we propose the possibility of a localized MZM
at certain geometric defect of the Moire´ superconductor
when the system is doped away from the VCI. Evidence
of spin polarized VCI, and spin polarized superconduc-
tivity were observed in TDBG near half-filling away from
the charge neutrality [7–9]. We consider the geometry
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FIG. 2: The band structure of our effective lattice model
for each valley with two open boundaries. As we can see
there are two counter propagating edge modes from the two
boundaries. We have chosen t1 = 0.3, t2 = 0.2, and m = 0.05
in our effective model Eq. 12. The horizontal line is the energy
(chemical potential) µ = 0.5.
FIG. 3: The low energy modes of our effective lattice model
plotted against chemical potential, with s−wave valley-singlet
pairing amplitude ∆ = 0.2 in the bulk, and inter-valley scat-
tering M = 0.8 on half of the boundary. We observe two
MZMs on the two 0d junctions between M and ∆ at the
boundary, for a broad range of finite chemical potential, even
when the bulk has finite charge carrier density.
of Fig. 1a, where the displacement field of the two do-
mains is tuned such that the valley Chern numbers of
the filled valence miniband of the spin-up electron dif-
fer by ∆C = 1 between the two domains (the spin-down
electrons fill both minibands and have total zero valley
Chern number). The vertical domain wall in Fig. 1a pre-
serves the valley conservation of the original graphene
sheet, while the horizontal domain wall breaks the valley
conservation. Our conclusion is that at the 0d junction
of the two domain walls, there can be a MZM which can
be viewed as the imprint of the topological effect of the
VCI, even if the system is already doped away from the
VCI and forms a superconductor.
We model the 1d domain wall of Fig. 1a as the open
boundary of an effective model. The contribution from
each valley is modelled by a Haldane’s model [60] for
FIG. 4: (a) the penetration of the spatial wave function of the
edge states (Fig. 2) into the bulk of Eq. 12, plotted against
momentum k1 along the boundary; (b) the spatial wave func-
tion of MZMs at the junctions between ∆ and M at the
open boundary of our model (Fig. 1b), with chemical potential
µ = 0.5, ∆ = 0.2, and M = 0.8.
Chern insulator defined on a honeycomb lattice:
Hv = t1
∑
〈i,j〉
c†icj + ηvt2
∑
〈〈i,j〉〉
ic†icj + H.c., (12)
where ηv = ±1 for the two different valleys, hence the
minibands from the two valleys carry opposite Chern
number. We also turn on a small staggered potential en-
ergy mηv(−1)jc†jcj between the two sublattices to break
the symmetry of the system down to C3 (same as the
miniband at each valley of the Moire´ system), while keep-
ing the nontrivial band topology. Please notice that the
lattice of this effective model is not the original graphene
sheet. The unit cell of this effective lattice coincides with
the Moire´ unit cell. The band structure of this model
with two open boundaries (Fig. 1b) is plotted in Fig. 2.
We turn on a nonzero chemical potential µ, and also a
uniform s−wave valley-singlet superconductor order pa-
rameter ∆ in the entire system. The entire bulk Hamil-
tonian in the Majorana fermion basis reads:
HBdGk = d1 (k)σ201 + d2 (k)σ202 + d3 (k)σ033
− µσ200 + ∆σ120 +mσ233,
d1(k) = t1(cos k1 + cos k2 + 1), d2(k) = t1(sin k1 + sin k2),
d3(k) = 2t2(sin k2 − sin k1 + sin(k1 − k2)), (13)
where k1 = kx, k2 =
1
2kx+
√
3
2 ky. σ
abc = σa⊗σb⊗σc, the
three Pauli spaces correspond to the (1) real and imagi-
nary parts of the electron operator, (2) the valley space,
and (3) the sublattice space of the effective Haldane’s
model respectively.
The horizontal domain wall in Fig. 1a breaks the valley
conservation, and hence will induce inter-valley scatter-
ing between the edge states of the two valleys. This effect
is modelled by an inter-valley scattering Mσ211 on half
5of an open boundary (Fig. 1b). We expect one MZM
on each of the 0d junction between ∆ and M on the 1d
boundary. With zero chemical potential, the existence
of the MZM can be straightforwardly inferred from the
Jackiw-Rebbi solution [61]. In fact, since the bulk is al-
ways gapped, we can view the 1d segment with nonzero
backscattering M as a 1d Kitaev’s chain. At µ = 0, this
Kitaev’s chain is in its topological nontrivial phase based
on the Jackiw-Rebbi solution, and there is a MZM at
its end. The Kitaev’s chain can still be in the topologi-
cal nontrivial phase even when the bulk has finite charge
density, since the bulk is gapped due to superconductiv-
ity, hence the MZMs can still persist. Indeed, we observe
two MZMs with a broad range of chemical potential even
when the bulk band has nonzero charge density (Fig. 3).
The spatial wave function of these MZMs are plotted in
Fig. 4 with chemical potential µ = 0.5 (when the bulk has
finite charge density), pairing amplitude ∆ = 0.2, and
inter-valley scattering M = 0.8 in our effective model.
Multiple MZMs can be created by designing more cor-
ners of the domain wall in Fig. 1a. Effective braiding of
these MZMs can be achieved, and their nonabelian statis-
tics can be revealed by “measuring” these MZMs consec-
utively, without actually braiding them spatially [62, 63].
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